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The parameter of interest is S.

N; ~ POiS(sﬁiiS + bz)
Yi ~~ POiS(t@bi)

g N POIS(’LLZZ)

band € are nuisance parameters.

’[: is the channel, in 1..n.

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



SOME RESULTS

mksimsamplforbanff_B3. chuanhai.outZ$rate

T T T T T T
] an 40 B0 &0 100

mksimsamplforbanff_&3.chuanhai.outz$prentle

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



SOME RESULTS

Paul Edlefsen

Cis)

1.00

035

090

085

0.80

Task 1a
Dempster-Shafer Method
90% Coverage Plot

A Dempster-Shafer Baye:

Solution to the Banff Al Challei



SOME RESULTS

Task 1a
Dempster-Shafer Method
99% Coverage Plot

1.000

0.9395
|

Cis)
0.330
1

0.985
|

0.950
|

Paul Edlefsen

A Dempster-Shafer Baye: Solution to the Banff Al Challe



SOME RESULTS

Task 2
Dempster-Shafer Method
90% Coverage Plot

Cis)
080
1

Paul Edlefsen

A Dempster-Shafer Baye: Solution to the Banff Al Challe



SOME RESULTS

Task 2
Dempster-Shafer Method
99% Coverage Plot

1.000

0.9395
|

il
|

Cis)
0.330
1

1

0.985
|

0.950
|

Paul Edlefsen

A Dempster-Shafer Baye: Solution to the Banff Al Challe



Poisson DSM

THE PoissoN DSM

K ~ Pois(A

Paul Edlefsen

to the Banff Al Challenge



Poisson DSM

THE PoissoN DSM

K ~ Pois())

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ Pois()\)
A< A<
N~ Qamma(k)

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



THE PoissoN DSM

K ~ 77018()\)
A< A<
N~ Qamma(k)

(A, —Ay) ~ Expo(l)




THE PoissoN DSM

K ~ Pois()
A< A<
A, ~ Gamma(k)

(A, —Ay) ~ Expo(l)




Poisson DSM

THE PoissoN DSM

K ~ Pois())

——t >t
0 10

Paul Edlefsen

A Dempster-Shafer Bay to the Banff Al Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS()\t)

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS()\t)

i B
v
-,

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS()\t)

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS()\t)

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS(t)

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ POiS(t)

exp(1)
exp(1) exp(1)
AN~
1 1 1 M M AN
— i ——— +—>t

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ Pois())

exp(1)
exp(1) exp(1)
AN~

—t—t—t >t

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Poisson DSM

THE PoissoN DSM

K ~ Pois())

exp(1)
exp(1) exp(1)
AN~

—t—t—t >t
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge




Poisson DSM

THE PoissoN DSM

K ~ Pois())

exp(1) exp(1) exp(1)
exp(1) exp(1) exp(1)
~AAA A A S

(:)q::::: >t

)
¥
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge




Poisson DSM

THE PoissoN DSM

K ~ Pois(\)

gamma(6)

exp(1) exp(1) exp(1)

exp(1) exp(1) exp(1)
~AAA A A S

——————————>t

)
¥
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge




Poisson DSM

TueE PoissoNn DSM
K ~ Pois()\)
A <A<,
Aj o~ Qamma(6)

gamma(6)

exp(1) exp(1) exp(1)

exp(1) exp(1) exp(1)
~AAA A A S

————————+—>t

)
¥
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge

0



Poisson DSM

THE PoissoN DSM

K ~ Pois()\)
A< <
Aj o~ Qamma(6)

gamma(6)

exp(1) exp(1) exp(1)

exp(1) exp(1) exp(1) exp(1)
~AA A A A A
(:) H————+ H—t+——+>t

)
¥
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge




THE PoissoN DSM
K ~ Pois()
A< A<
A; ~ Gamma(s)

(A, —Ay) ~ Expo(1)

gamma 6)
exp(1) exp(1) exp(1)
exp(1) exp(1) exp(1) exp(1)
~AA A A A A

———

)
¥
Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge

t—+——+—> ¢

(.) 10



Model DSM

THE THREE P0OISSON MODEL

The parameter of interest is S.

N; ~ POiS(sﬁiiS + bz)
Yi ~~ POiS(t@bi)

g N POIS(’LLZZ)

band € are nuisance parameters.

’[: is the channel, in 1..n.

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.
n; ~ Pois(¢;s + b;)
Yi ~~ POIS(tzbZ)

band € are nuisance parameters.

’I: is the channel, in 1..n.

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.
n; ~ Pois(¢;s + b;)
Y <tib; <Y,

band € are nuisance parameters.

’I: is the channel, in 1..n.

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

. The parameter of interest is S. .
Y/ <t:b; <Y’

band € are nuisance parameters.

’I: is the channel, in 1..n.

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

. The parameter of interest is S. .
Y/ <t:b; <Y’

1 . 1 .

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.

| |

1 (

1 . 1 .

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.

1 1.
NI~ ZYi < ;s <N — 2Y!

1 . 1 .

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.

1
2 2
7 1 1 ) 1 7
N, —7Y, N, — 7Y,
‘. < s < G
LZZ - — 1
Ui (¥ ]

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MoODEL DSM
The parameter of interest is S.
) 1 T 7 1 T
NZ t; Yv N t; Yl
1 7t & S 1 ZZ

IA

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MoODEL DSM
The parameter of interest is S.
) 1 T 7 1 T
NZ t; Yv N t; Yl
1 7t & S 1 ZZ

s >0

IA

Paul Edlefsen
A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MODEL DSM

The parameter of interest is S.

17 SS8S —;
s>0
() 1 7
Sl S S S 1 :
1z

Paul Edlefsen

A Dempster-Shafer Bayesian Solution to the Banff A1l Challenge



Model DSM

THE THREE PoissoN MoODEL DSM
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THE PLAUSIBILITY TRANSFORM
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THE PLAUSIBILITY TRANSFORM
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THE PLAUSIBILITY TRANSFORM
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Analytical Form

ANALYTICAL FORM

From these and from the additional constraint that s > 0, we see

that
. max(0,Nj — 1vi)
f = %7 = and
u u
=t
7

in the equation Sf <s< Sf,.
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Analytical Form

ANALYTICAL FORM

Thus, if we ignore (momentarily) the constraint that s > 0, we
may characterize the CDFs of Sj and S}, as

. Nj - Y,
up—u
Ni 1~
Fg () = P(— 5 < x).
u 1
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Analytical Form

ANALYTICAL FORM

Rearranging, we may write this as
Fr(x) = P(N) < Y7 4 X7/ ) and
Si - I = t; u uj u

* i Loi | Xoi
Fgi (x) = P(N, < EY/ + ?;Zl)'
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Analytical Form

UNNORMALIZED CDF's

We will see that these can be written in terms of the Beta
distribution as

ng}( x) =1 — pBeta(—— +x ,Zj,nj + 1)+

ui

uj

Jo™ PBEta(H% zj + ni + 1, yi)dBeta(v, j, nj + 1)d~,

U+X

and
(x) =1— pBeta(—— + ME R ,nj)+

Yi

[y pBeta(T zj + 1+ ni, yj + 1)dBeta(y, z; + 1, n)d.

U+X
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Analytical Form

ANALYTICAL FORM

We are ultimately interested in the normalized quantities
Fi —P(S;, <0)

FSI(X) — ! -
I 1-P(S], <0)
Fi —P(S;, <0)
1-P(S!, <0)

Fs{,(x) =

where we condition on the upper end of the interval, SL, being
non-negative.
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Analytical Form

ANALYTICAL FORM

Since this condition is met whenever N{, > %Y} we have

Fe ) P(N) < +Y, + 2Z,) - P(N} < +Y))

silX) = 7 7

/ 1-P(Nj < £Y))

P(N] < 1Y)+ XZ)) - P(N/, < LY})
1-P(N, < 1Y) '

and

Fs{,(X) =
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Analytical Form

CONFLICT

The constraint s > 0 is violated whenever Nf, < %Yi, so the
probability of conflict is P(N/, < %Y;)
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Analytical Form

CONFLICT

Since N/, and Y/ are gamma-distributed with unit scale, and with
shape parameters (n; 4+ 1) and y;, respectively,
Y]

W ~ Beta(y,-, n; + 1)
u
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Analytical Form

CONFLICT

We can thus rearrange the probability of conflict to utilize the CDF

of a beta:
H 1 i
. 1_.. N! =Y
PN < Y =P(——t <1 )
t; N +Yi N +Yi
P 1 i
Y! =Y
—P1l - —— < i1
N 1Y) N 4y
P((%, +1)Y]
- UNL+Y
Yi b
= IP( ’ )-

- - >
Ni+Y] b+l
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Analytical Form

CONFLICT

So the probability of conflict is

1 t;
P(N < =Y Bet oon+ 1 2
(u<ti 1) = pea(tl+1,yn+) (2)

where pBeta(:, a, 3) is the CDF of a beta with parameters o and (.
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Analytical Form

UNNORMALIZED CDF's

We now use similar techniques to characterize the unnormalized
components Fg; (-) and Fg; (+). Consider first

* i Lo, X
FSL(X):P(Nuﬁg 1+ —2Z).

1
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Analytical Form

UNNORMALIZED CDF's

Noting that gamma random variables are never negative, we may
apply the law of total probability to rewrite this as

* i 1 i X i i X ; i |
Fgi (x) = P(N}, < ?I_Y, + EZI and N/, < EZ,) +P(N/, < t,Y P4 u,Z
= P(N, < 7)) + B(N}, < ~Y}+ 7} and N}, > > 7])

Ui i uj u

i

yA u; . 1. x . . X
=P(——— ! PN/ < 2Yi fz' dN > =27
( '—}-N’>Ui+X)+ ( us 1t , j an u>ui /
Lo, X i

=1— pBeta(—— +x ,zi,nj + 1) + P(N], < =% 1+ ;’_Z, and N, >

by an argument similar to that used in deriving the Beta CDF
representation for the probability of conflict.
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Analytical Form

UNNORMALIZED CDF's

The latter part may be simplified also. We can rewrite N{, — i,Z}.
uj
z]

as (1— 2Ny 250 (ZE + N, since

u+x
Z .
ZI+NI, i ; : ; VA
(1- *,. )(Z) + Ni) = (2} + Nj) — !
i
:( ;+NL)_ 1l
1+ =X

i i i X
=(Z;}+N,)-Z)(1+ —)

— N, -2z

i
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Analytical Form

UNNORMALIZED CDF's

This leads to
) 1 . ) ) .
PN/ < ZYi + 2 7Zi and N, > 2 7i)
ti uj uj

i
Z
Z +N

=P 2Y]>(1-~

“)(Zj +N}) and N, > XZ] | (3)

u+x
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Analytical Form

UNNORMALIZED CDF's
Recognizing again that the event that Ni

ZI
the event that ZN < 4 tx the complicated probabllty in (3)

> L,Z" is the same as

u

may be simplified by conditioning on the value of T =)
/+N

1. . . .
B(N}, < ZY]+ gz; and NV > gz;)

! ui+x

Zi
1. : , .
—P(IYi > (1 - 2Ny (Zi 4 N and N7 > X70)
ti Bx uj
Zi .
1 : Z+N’ Z; u;
=P(=Y)>(1—- P+ N') and — _
(-Y;>( o )(Z)+Ny,) N u,+x)
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Analytical Form

UNNORMALIZED CDF's

and since (Zi + N') 1L Zi__ we get

Zi+N,’
1. ; - '
P(N, < =Yi+ =7} and N}, > = Zi)
ti uj Ui
= Jo"" pBeta(7p2——,z + nj + 1, y;)dBeta(y, z, n; + 1)d,
e

where dBeta(-, «, ) is the pdf of a beta with parameters a and 3.
Note that this can be approximated to any desired precision by a
straightforward numerical integration.
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Analytical Form

UNNORMALIZED CDF's

Thus we have

% u;
FS{,( x)=1- pBeta(u X ,ziynp + 1)+
Jo " pBeta( st zi + nj + 1, y;)dBeta(y, zi, nj + 1)d7,(4)
u,-JIrx
and, by an analogous derivation,

Fg;-( x) =1 — pBeta(—— + ,zi+ 1, m)+

fOUﬁX pBeta(H% zi+ 1+ nj,y; + 1)dBeta(y, z; + 1, n;)d~.(5)

u+x
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Analytical Form

NorMALIZED CDF's

Plugging equations (4), (5), and (2) into equation (1) concludes
the derivation, the CDFs of the upper and lower bounds on S
induced by the evidence from a single channel. Combining evidence
across channels and normalizing yields the D-S Bayesian posterior

17y (Fsj(x) — Fgy ()

fxoio H?:l <FS;'(X) N FS'L'I (X)) . (6)

fs(x) =
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Analytical Form

SPECIAL CASES

The above derivation for r;(-) assumed that n;, y;, and z; are all
positive. In the event that n; = 0, S} = 0 and FS;'(S) =1Vx>0.
When y; = 0, there is no conflict, and

F;L( x) =1 —pBeta(; 7%, zi, ni + 1), unless z; = 0. Whenever
zi=0, Su:oo, so Fgi (x) =0 Vx < oo.

Note that when n; = z,L-l = 0, we learn nothing new about s.
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